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Tethers are thin membrane tubes that can be formed when relatively small and localized forces are applied
to cellular membranes and lipid bilayers. Tether pulling experiments have been used to better understand the
fine membrane properties. These include the interaction between the plasma membrane and the underlying
cytoskeleton, which is an important factor affecting membrane mechanics. We use a computational method
aimed at the interpretation and design of tether pulling experiments in cells with a strong membrane-
cytoskeleton attachment. In our model, we take into account the detailed information in the topology of bonds
connecting the plasma membrane and the cytoskeleton. We compute the force-dependent piecewise membrane
deflection and bending as well as modes of stored energy in three major regions of the system: body of the
tether, membrane-cytoskeleton attachment zone, and the transition zone between the two. We apply our method
to three cells: cochlear outer hair cells �OHCs�, human embryonic kidney �HEK� cells, and Chinese hamster
ovary �CHO� cells. OHCs have a special system of pillars connecting the membrane and the cytoskeleton, and
HEK and CHO cells have the membrane-cytoskeleton adhesion arrangement via bonds �e.g., PIP2�, which is
common to many other cells. We also present a validation of our model by using experimental data on CHO
and HEK cells. The proposed method can be an effective tool in the analyses of experiments to probe the
properties of cellular membranes.
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I. INTRODUCTION

If a point force of sufficient magnitude is applied to the
plasma membrane of a cell, a long thin membranous tube,
i.e., a tether, forms. Tethers are formed naturally in various
biological situations such as leukocyte rolling, but have also
been generated experimentally to investigate the properties
of biomembranes. The first reported observation of a mem-
brane tether formed from a biological cell is associated with
a red blood cell �RBC� attached to a solid surface and ex-
posed to shear flow �1�. In fact, the RBC, whose membrane
and cytoskeleton structure and properties are well character-
ized, has been the subject of numerous tether experiments.
Later, the microchamber technique was devised as a more
accurate way to study the tether formation process �2�. More
recently, measurements of the forces involved in tether for-
mation and extension have been accurately obtained using
optical tweezers, magnetic tweezers, and atomic force mi-
croscopy techniques. In the optical tweezers setup, an
�5 �m diameter microbead, capable of exerting forces of
several hundreds of pN, is used to extrude the membrane
tether �3,4�. The magnetic bead variant and the atomic force
microscope cantilever variants can apply thousands of pN
�5�. Regardless of the particular mode of pulling a tether, the
general idea in tether formation is to apply a force over a
small area of the cell’s membrane surface. The force exerted
is recorded during the experiment and used to provide infor-
mation on the mechanical properties of the cell. Once the
tether is formed, it can be held at a constant force and the
system will equilibrate.

In order to provide further interpretation to the tether pull-
ing experiments, thermodynamic-based theoretical relation-
ships were developed that correlate the main variables of the
problem �e.g., bending modulus, far-field membrane tension,
and adhesion energy� to experimentally measurable quanti-
ties �e.g., holding force and tether radius� �6,7�. These theo-
retical relationships in conjunction with experimental data
have proved to be very useful in providing estimates of the
mechanical properties of plasma membranes. For example,
the theory has been applied to determine: the bending modu-
lus of giant unilamellar vesicles �2,8�, red blood cells �6�,
and neuronal growth cones �7�, the characteristics of mem-
brane adhesion to the cytoskeleton in red blood cells �9,10�,
neutrophils �11�, and fibroblasts �12�, the nonlocal bending
modulus in giant vesicles �13,14�, and the membrane viscos-
ity in neutrophils �15�, neuronal growth cones �7�, and other
cells �16�.

In some biological systems, e.g., the cochlear outer hair
cell �OHC�, the human embryonic kidney �HEK� cell, and
the Chinese hamster ovary �CHO� cell, the membrane exhib-
its significant bonding to the underlying cytoskeleton. In the
OHC, the membrane is attached to cytoskeletal actin fila-
ments via an array of pillars of unknown composition. For
HEK and CHO cells, the membrane-cytoskeleton connection
is probably like many other cells where, in addition to in-
tramembrane proteins bonding, the membrane is connected
to cytoskeletal actin filaments via phosphatidylinositol bis-
phosphate �PIP2� bonding �17,12,18�. Thus, the bonding in
HEK and CHO cells is different than in OHCs. In the ther-
modynamic approach, the membrane-cytoskeleton interac-
tion is characterized by a single constant, the adhesion en-
ergy. In reality, such interaction depends on a number of*Corresponding author; aspector@jhu.edu
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structural and mechanical parameters and it is a function of
spatial coordinates. Knowledge of all regions of the mem-
brane’s shape after the application of the tether force is im-
portant for a further understanding of the mechanics of these
cells, including, inter alia, an analysis of stress and energy
distributions along the surface of the membrane.

Interestingly, these three cells, OHC, HEK, and CHO, are
important in studies of the membrane protein, prestin, critical
to mammalian active hearing �19,20�. The OHC is the cell
native to prestin where it is a key part of the motor complex
responsible for the generation of active force and energy. The
properties of this cell’s composite wall, including the mem-
brane and cytoskeleton have previously been studied using
various experimental �21,22� and modeling �23–27� tech-
niques. HEK and CHO cells have been used for prestin trans-
fection, and provided information on charge transfer, nonlin-
ear capacitance, and active force associated with this protein
�28–32�.

In some situations, e.g., when tethers are extracted from
giant vesicles, the global membrane profile can be observed
optically over the course of the experiment, and these shape
changes have been quantitatively depicted using models �33�
based on the mechanical equilibrium equations of elastic
shells �34,35�. Note that the alternative variational approach
has also been used to predict the equilibrium shapes of
pulled tethers �36,37�. For the OHC and HEK cell tether
experiments, the membrane deformations that occur within
the local region surrounding the tether have not been ame-
nable to experimental investigation because they occur at
optically irresolvable nanometer scales. Tether systems have
also been studied using different experimental techniques,
including recently applied standing wave fluorescence mi-
croscopy �38� and scanning electron microscopy �SEM� �39�.
These deformations can also be studied by building and nu-
merically solving a computational system that represents the
important features of the physical system, which was previ-
ously done for the OHC tethers �40�. The response of the
membrane to the tether’s force is governed based on the
mathematical equilibrium equations of elastic shells with
particular constitutive equations for plasma membranes.

Computational modeling is used here to describe the de-
tailed physical behavior of the plasma membrane in regions
beyond the tether itself. The method is applied to describe
the tether experiments of human embryonic kidney cells and
Chinese hamster ovary cells. The simulations are based
on our previously developed model for cochlear outer
hair cell tether experiments. These cells all have significant
membrane-cytoskeleton interactions; however, the CHO and
HEK cells have different geometric substructure morpholo-
gies than the lateral walls of the OHC. The effects of each
cell’s cytoskeleton on the membrane, which are explicitly
included here, are modeled as a linear response to the mem-
brane’s normal displacement. The microscopic regions �i.e.,
suboptical� of the tether experiment are described, and a de-
tailed description of the differences and similarities of the
plasma membrane’s responsive behavior to tether pulling
forces in these cells is presented. The approach presented
here allows a better and broader interpretation of the tether
pulling experiment in cells.

II. SYSTEM AND MODEL DESCRIPTION

In general, the model is used to simulate statically held
membrane tethers that are pulled from unaspirated cells, and
it includes an explicit representation of the region where the
membrane transitions from the tether and reattaches to the
cell’s cytoskeleton network. It is assumed here that there is
no cytoskeleton present within the tether and transition re-
gions of the tether. The model is used here to study the
effects of the magnitude of equilibrium tether holding force
and the membrane’s mechanical properties on the mem-
brane’s shape profiles as well as the modes of energy stored
within the attachment region of the system. The simulations
of the HEK and CHO cell tether experiments are based on a
model that was previously developed for the cochlear outer
hair cell �40�. In this section, we first provide an overview of
the details of this model as it was applied to OHCs. Then we
discuss all of the changes that were made to the model in
order to apply it to the HEK and CHO cell cases. Finally, we
provide an overview of the necessary model parameters and
list all of the values used in our simulations.

A. Modeling the cochlear outer hair cell tether experiment

Under normal conditions, the outer hair cell is cylindri-
cally shaped �radius �5 �m, length �15–90 �m� and has
electromechanical transduction properties that allow it to
contract with depolarizing potentials and elongate when hy-
perpolarized �41�. The outer hair cell’s lateral wall is a com-
posite structure with three main components: the plasma
membrane that is directly attached to the underlying cytosk-
eletal lattice that sits above the subsurface cisternae �see,
e.g., �42��. The activity of the protein prestin, and its inter-
actions with the membrane lipid assembly, is transferred to
the underlying cytoskeleton which results in a net active
force generated by this cell. Understanding the effects of
geometrical parameters as well as characterizing the me-
chanical properties of the OHC’s plasma membrane is impor-
tant toward a further understanding of the performance of
this active cell under various conditions. The outer hair cell’s
cytoskeleton is an organized array of almost circumferential
actin filaments and axial spectrin cross links �43–45�. The
plasma membrane of the outer hair cell is connected to the
underlying cytoskeletal actin filaments by an array of pillars
of unknown molecular composition �21�. As depicted in the
top panel of Fig. 2, the pillars have characteristic widths of
�10 nm �44� and lengths of �20 nm �43�, and they are
typically spaced approximately 30–40 nm apart �44�. The
specific nature of the membrane-pillar bond is unknown, but,
as discussed previously, the bond is very strong, based on the
large forces required to separate the two �21�.

An illustration of the tether experiment for the OHC and
HEK cell is presented in Fig. 1, with an emphasis on the
spatial region that corresponds to the modeled system. The
top panel illustrates the OHC case �also Fig. 1 in �40��, and
the bottom panel shows the HEK cell case. As shown in Fig.
1, there are three distinct regions of the membrane: the tether
region, the cytoskeleton attachment region, and the transition
region that connects the tether region to the cytoskeleton
attachment region. The model includes the local region sur-
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rounding the tether site, and we assume that the local system
is axisymmetric with respect to the axis of the tether being
held. Cylindrical coordinates �r ,z ,�� and curvilinear coordi-
nates �s ,� ,�� may be defined, where z is the axis of sym-
metry, r represents the radial distance from the center of the
tether, � is the azimuthal angle, s is a parameter that repre-
sents the distance traveled along the meridional surface of
the membrane, and � is the angle between the r axis and the
surface normal on the membrane. The kinematic relationship
equations are

�r/�s = sin �

�z/�s = − cos � ,

and the two principal curvatures at any point on the axisym-
metric surface can be written in terms of the geometric pa-
rameters � and r:

�m = − ��/�s

�� = r−1 cos �

The cellular plasma membrane is modeled as a thin, two
dimensional, elastic shell with internal bending moments and

shear forces. Appropriate force and moment balances on an
element of the elastic shell provides the mechanical equilib-
rium equations for the meridional force, normal force, and
moments,

�mr + ��Tmr�/�s − T� � r/�s + �Qmr��m = 0, �1�

Tm�m + T��� − r−1 � �Qmr�/�s = �n, �2�

rQm = ��Mmr�/�s − M� � r/�s , �3�

respectively �46�. There are two characteristic directions on
the surface of the axisymmetric membrane shell, the first is
the meridional direction and is designated with a subscript m,
and the other is the circumferential direction and is repre-
sented by the subscript symbol �. The third subscript, n,
represents the outward normal direction to the surface of the
membrane. Here, T represents the in-plane stress resultant, Q
represents the shear stress resultant, M designates the mo-
ment resultant, � represents an applied surface pressure re-
lated to the membrane interaction with the cytoskeleton, �
represents the curvature.

We assume that the membrane is incompressible, such
that, �m+��=0, where � is the strain. It is assumed that the
fluidity of the membrane leads to an isotropy of the principal
moment resultants, M =Mm=M�. The constitutive equation
relating the bending moment to curvatures is �47�

M = B��m + ��� . �4�

It can be shown by integrating the principal stresses over the
thickness of the membrane that

Tm + M�m = T� + M��.

A shooting method is used to solve the set of differential
equations. The normalized differential equations that we
solve are

�r�/�s� = sin �

�z�/�s� = − cos �

��/�s� = − M� + r�−1 cos �

�M�/�s� = Qm�

�Qm� /�s� = Tm� �m� + T����� − Qm� r�−1 sin �

�Tm� /�s� = �T�� − Tm� �r�−1 sin � − Qm� �m�

These, along with the normalized constitutive equation, T��
+ ���� �2=Tm� + ��m� �2, and the curvature relations, �m� =M�
−r�−1 cos � and ��� =r�−1 cos �, form a set of closed equa-
tions.

The initial values, consisting of specified conditions
within the tether �e.g., Rt=2�B /Ft, �=0, Qm=	, Tm
=Ft /2�Rt, where Rt and Ft are, respectively, tether radius
and holding force� are chosen and a third-order Runge-Kutta
integration method is used to march along the parameter “s”
in order to proceed outward along the surface meridian. The

(b)

(a)

FIG. 1. Panel �a� is an illustration of the cochlear outer hair cell
tether experiment, with a particular focus on the modeled region
�i.e., where the membrane transitions from the tether and reattaches
to the lateral wall�. Panel �b� is an analogous illustration of the HEK
cell tether experiment. TeR, tether region; TrR, transition region;
CAR, cytoskeleton attachment region; PM, plasma membrane; DP,
detached pillar; AP, attached pillar; C, cytoskeleton.

COMPUTATIONAL ANALYSIS OF THE TETHER-PULLING… PHYSICAL REVIEW E 80, 041905 �2009�

041905-3



simulations proceeds until the radius equals the detachment
point, and at the detachment point, the values of the moment
and shear force of the obtained solution are used as boundary
conditions for the attachment region. The membrane within
the attachment zone is modeled as a circular plate that is
attached to linear springs that represent the membrane-
cytoskeleton interaction sites. We do not take into account
the deformation of the substrate �cytoskeleton�. The bound-
ary conditions far from the tether are defined such that the
normal deflection and the first derivative of the normal de-
flection are both zero. If there is a “peel off” of the mem-
brane from the cytoskeleton, the code proceeds iteratively
until the membrane has been “peeled back” a sufficient
amount that the solution meets the critical displacement con-
straint �see further details in �40��. After calculating the
shapes by solving the mechanical equilibrium equations, we
calculate �Eqs. �10� and �11�� total bending energy and ad-
hesion energy stored within the system.

In the OHC case, the discretely distributed interaction
sites occur only at specific regions on the plasma membrane
surface that refer to the interaction sites of the pillars, but, as
described below, in the HEK cell case, the interaction sites
are more evenly spread out across the entire attachment zone.
When a tether is held at some force, the stresses and mo-
ments within the tether are distributed down the tether and
throughout the transition region such that forces and mo-
ments are exerted on the interaction sites. The interaction
sites respond to these forces by deformation, and, currently,
the detailed nature of the membrane-cytoskeleton attachment
is unknown. We employ a Hookean model to represent the
membrane’s normal reaction to force at the membrane-
cytoskeleton interaction sites within the attachment zone �see
Fig. 2�. We assume that the connection between the mem-
brane and cytoskeleton will fail when a critical displacement
is attained. That is, if the applied force is large enough to
cause the membrane to reach a critical displacement, the
membrane will “peel away” from the cytoskeleton, effec-
tively increasing the detachment zone region. The bond
breakage occurs, probably, when “the head” of the bond an-
chored within the plasma membrane becomes removed from

its position as a result of the membrane deflection. Thus, we
assume that the critical displacement of the membrane is on
the order of magnitude of the membrane thickness. Below,
we choose a range between 3 and 5 nm �with an average
value of 4 nm� for the critical displacement of the membrane.

B. Tether modeling for the HEK and CHO cells

HEK or CHO cells are commonly used in genetic studies
as a basis for plasma membrane protein transfection. For
example, the electromechanical properties of prestin were
studied by comparing prestin-transfected and wild-type HEK
cells �28� and by investigating the electromotile capabilities
of CHO cells �29�. In addition to that, HEK cells were used
to investigate the structure of the prestin protein �30–32� and
its prestin-related charge transfer �nonlinear capacitance�
�28�. While the OHC has a regular distribution of binding
sites, in the HEK and CHO cells, the plasma membrane is
connected to an actin cytoskeleton by an effectively random
distribution of connection sites. The identity of most of these
bonds is most likely PIP2, and it is likely that there are also
intramembrane proteins that help the membrane bind to the
cytoskeleton. Previous studies focused on intracellular
membrane-cytoskeleton adhesive properties suggest that
PIP2 bonds are dynamic and can help control cellular pro-
cesses such as endocytosis, cell signaling, and cell move-
ment. Furthermore, the individual membrane-cytoskeleton
bonds are locally weaker compared to the OHC pillars, but,
because of their higher membrane surface concentration
��10 000 PIP2 bonds per square micron �12� vs �1000 pil-
lars per square micron in OHCs�, the integrated resultant can
lead to a significant adhesive effect.

The nature and effects of a thermally fluctuating mem-
brane in biological cells have been considered in the litera-
ture �48–51�. The thermally induced membrane undulations,
characterized as a plane wave with a range of amplitudes
over a frequency spectrum, can be influenced by the mem-
brane bending modulus, the effective surface tension, as well
as the complicated interaction of the membrane with the un-
derlying cytoskeleton �49,50�. This includes the geometry of
the membrane-cytoskeleton attachments such that as bond
density increases, the amplitude of the fluctuations is ex-
pected to decrease. However, in our simulations of the HEK
and CHO cells, we neglect the thermal membrane fluctua-
tions that arise at molecular scales by considering only the
effects of the tether force on the mean tether shape profiles.

In this section, we describe the extension of the previ-
ously described OHC tether model to apply it to HEK and
CHO cells. The HEK and CHO cell tether modeling cases
differ from the OHC case in the geometric treatment of the
membrane-cytoskeleton bonds in the attachment region. We
consider two methods of modeling the bond distribution in
HEK and CHO cells: continuous and random. In the continu-
ous approach, we assume that due to the higher density of
bonds, the sites of adhesion are uniformly spread out across
the surface �see Fig. 2�b�� and an effective value of the ad-
hesion modulus is used. In the random approach, we treat the
bonds as a discrete random distribution, in which we study
the effects of such fine topographical details as bond width

FIG. 2. Illustration of the geometries in the attachment region.
The top panel represents the discrete radial pillars of the OHC; the
lower panel illustrates the continuous attachment distribution of the
plasma membrane to the cytoskeleton in the HEK cell. The connec-
tions between the plasma membrane and the cytoskeleton substrate
are modeled as Hookean springs.
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and bond spacing, parameters which affect the value of the
adhesion modulus in our model.

The tether formation force is the magnitude of force re-
quired to separate the bead from the cell during the initial
stage of tether formation, during which multiple membrane-
cytoskeleton bonds must be broken. The tether formation
force depends upon the bead size and differs for various
cells, as shown in Table I. This force is interpreted to char-
acterize the strength of bonding between the membrane and
the cytoskeleton. In Table I, notice that the OHC and HEK
cells have similar �large� tether formation forces relative to
the other cells that are listed. Thus, based on the tether for-
mation force, the OHC and HEK cells have an overall stron-
ger membrane-cytoskeleton interaction than the other cells
listed in Table I. We assume that, since the bead is only in
contact with the membrane for a short time before tether
extrusion, no focal adhesions form between the cell and the
bead during initial bead contact.

In the first modeling approach, we assume that the
membrane-cytoskeleton bonds in the HEK and CHO cell
cases are close enough together that they can be considered
as effectively continuous over the attachment region. Thus,
in the continuous case, we model the bonds in the attachment
zone as a continuous distribution of Hookean springs.

For the HEK cell case, we also consider the situation
where the membrane-cytoskeleton bonds are randomly dis-
tributed with a typical edge-to-edge separation distance, Lee,
between 5 and 12 nm. The bonds themselves are estimated to
have an effective bond diameter, Db, between 3 and 10 nm.
This range of bond spacing is based on the known values of
typical cytoskeletal actin filament spacing in cells, and the
range of bond widths is based on the typical characteristic
widths of the filaments. Given a value of the average edge-
to-edge bond spacing, Lee, along with an estimation of the

average effective bond diameter, Db, the estimated center-to-
center bond spacing is then

Lcc = Lee + Db. �5�

The bond density, 
P, �number of bonds per square micron�
can then be estimated according to


P = 1/Lcc
2 . �6�

The bonds are distributed randomly and each realization is
computed given a mean value of the edge-to-edge bond sepa-
ration distance. We model the random bond separation using
a Gaussian distribution function with a specified mean edge-
to-edge spacing, Lee, and standard deviation, �=0.2 Lee. The
details of this algorithm used to generate the random distri-
bution are provided in Appendix A.

For a given region of membrane surface area, a certain
area fraction is composed of bonds. The portion that is free
from bonds is called the surface area void fraction, and can
be computed as

� = 1 − 
P�Db
2/4. �7�

As an illustration, Fig. 3 shows how this surface area void
fraction changes as a function of bond width and edge-to-
edge spacing.

In the case of discrete bonds, the model also adjusts the
effective bond width with radius. Since the model assumes
that the system can be represented axisymmetrically, the
model’s bond width parameter is corrected to ensure that the
bond density and surface area void fraction remain uniform
with radial distance. The details of the analysis of this effect
are given in Appendix B.

C. Material and geometric parameters

1. Bending modulus

A typical range of cellular bending modulus is
10–100kBT �8�. The bending modulus for the CHO cell is
obtained from Hosu et al. �39� to be approximately 55kBT,

TABLE I. Comparison of the tether formation force for various
cells.

Cell Type

Tether
Formation

Force
�pN�

Neuronal Growth Conea 8

Liquid-ordered Lipid Vesicleb 30

Liquid-disordered Lipid Vesicleb 60

Chick Fibroblastc 35 �n=1�
Neutrophild 45

Red Blood Celle 50

Leukemic Rat Cellf 70

Human Embryonic Kidney Cellg 246�88�n=15�
Outer Hair Cell �Lateral Wall�g 300

aReference �7�.
bReference �8�.
cReference �52�.
dReference �53�.
eReference �9�.
fReference �3�.
gReference �54�.

FIG. 3. Surface area void fraction as a function of bond width
and edge-to-edge spacing.
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and information of particular values of this parameter for the
OHC and HEK cell is not available. Note that we previously
used a value of 70kBT for modeling the OHC �40�. Here we
include a range of bending moduli of 30, 55, and 80kBT, and
investigate the effects on the shape profiles.

2. Adhesion modulus

In our model, the adhesion modulus is characterized by
the constant k, which relates the deflection of the membrane
to the normal stress. We previously estimated this modulus
by using the experimental data on the tether formation force.
The tether formation force for HEK cells is also available,
and we use it to estimate the adhesion modulus for the HEK
cell. The magnitude of the adhesion modulus corresponding
to a given tether formation force depends on a particular
geometry of the bond in the HEK cell. The technique of the
estimation of the HEK adhesion modulus is described next,
and then a variety of cases, over the range of possible pa-
rameters, are given in Fig. 4.

The critical stress required for bond breakage, PP,Critical,
is estimated based on a force balance during the initial tether
breakage stage using the equation

PP,Critical =
Fformation

�Rd,ini
2 
PAP

, �8�

where Rd,ini is the initial radius of the detachment region, and
Ap is the surface area of the cross-section of individual bond.
A value of the adhesion modulus, k, is estimated according to

k =
PP,Critical

wmax
=

1

wmax

Fformation

�Rd,ini
2

1

�1 − ��
, �9�

where wmax is the maximum normal extension that the
membrane-cytoskeleton bonds can withstand. Thus, the bond
separation distance, bond width, and critical deflection all
influence the magnitude of our model parameter k.

For the HEK cell, the tether formation force is �250 pN.
If this force is distributed evenly �Lee=0� over a detachment
zone with radius 250 nm, then, using Eq. �8�, the critical

pressure required to break the bonds within the detachment
zone is equal to 1270 pN �m−2. If we assume that the cy-
toskeletal substrate is rigid and that the critical deflection of
the membrane is 4 nm, then, using Eq. �9�, the adhesion
modulus in this case is equal to k�3.2105 pN �m−3.

The results in Fig. 4 show that the adhesion modulus is
the lowest when the bond distribution is continuous. The
results also show that the adhesion modulus gets larger as the
bond separation distance increases and/or the effective bond
diameter gets smaller. In some instances, the adhesion modu-
lus becomes significantly larger than the estimated value for
OHC of 4.2106 pN �m−3.

We define the surface density of adhesion energy as Ea

=0.5kw2, where w is the normal deflection of the membrane;
thus, Ea is related to the total energy, EA �Eq. �11��, via EA

=�EadA. This adhesion energy arises as a result of interac-
tion between the membrane, underlying actin cytoskeleton,
and bond connecting the two. As an additional validation of
our estimate of the HEK cell’s adhesion modulus, we also
derive an estimate from the measurements of the membrane-
cytoskeleton interaction in cells, estimated previously based
on thermodynamic analysis. One example of this approach
can be found in �12�, who estimated the cell’s �the experi-
ment was made in fibroblasts� surface density of adhesion
energy between the membrane and the underlying actin cy-
toskeleton as Ea�110−17 J �m−2. A similar adhesion en-
ergy was reported in the red blood cell case was reported by
Hwang and Waugh �55�, Ea�610−17 J �m−2. In order to
compare the adhesion energies from different sources, it is
convenient to convert them into adhesion moduli. Assuming
a critical average membrane deflection of 4 nm, the resulting
estimate of adhesion modulus for the fibroblast is k�1.25
106 pN �m−3, and for the red blood cell is k�7.5
106 pN �m−3. In Fig. 4, we present a range of our esti-
mates of the adhesion modulus determined by bond spacing
and width. Thus the estimates from �12,55� obtained using
thermodynamic approach fall within our range.

3. Detachment radius

When the optically trapped micro-bead separates from the
cell during the initial stage of a tether pulling experiment, a
number of membrane-cytoskeleton bonds are broken and a
membrane-cytoskeleton detachment region is formed. The
area of this initial detachment region depends on the cell-
bead interfacial contact area. We assume that the tether for-
mation force represents the force required to break the
membrane-cytoskeleton bonds within the initial detachment
zone. Then, we estimate the detachment area for the OHC by
writing a force balance over the region and using the value of
critical stress above �see Schumacher et al. �40� for details�,
and we obtain a value of Rd,ini=250 nm. For the HEK cell,
we assume that the initial detachment radius is the same as
that calculated for an OHC since the beads used in these
experiments have the same dimensions. Note that further
membrane-cytoskeleton separation may occur after the initial
formation stage if tether holding forces are large enough.

FIG. 4. Estimation of the adhesion modulus over a range of
bond diameters and separation distances.
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III. COMPUTATIONAL RESULTS AND COMPARISON
WITH EXPERIMENT

A. Model validation: CHO and HEK cells

Model validation steps are important to provide confi-
dence that a model correctly reproduces a system’s experi-
mentally measured characteristics. Using available data on
CHO and HEK cells, we apply our model to simulate an
individual tether pulled and held at equilibrium from these
cells. The model parameters used for the CHO cell are esti-
mated based on published data �39� and are listed in Table II.
The bending modulus of 56kBT was estimated using the re-
lationship B=RtFt /2� along with the CHO cell data of Ft
=8 pN and measured radius of 72 nm. The detachment ra-
dius of 180 nm was estimated using the SEM image. We
suppose that the membrane properties of the HEK and CHO
cells are similar, and that the PIP2 and other bonds in the
CHO cell are continuously distributed with an effective ad-
hesion modulus similar to that of the HEK cell, i.e., 3.2
105 pN �m−3 �see above�. In Fig. 5, the computed tether
shape profiles are compared to Hosu et al.’s �39� published
CHO tether image �measured using scanning electron mi-
croscopy� and Gliko et al.’s �38� published HEK tether im-
age �measured using standing wave fluorescence micros-
copy�.

B. Shape profiles

In this section, computational results are presented that
compare some of the critical aspects of the OHC and HEK
cell tether experiments. First, the computed membrane shape
profiles for the OHC and HEK cell tether holding experi-
ments, with tethers held at a constant holding force of 60 pN,
are shown Figs. 6�a� and 6�b�, respectively. Here, the focus is
on the local regions surrounding the tether, where the mem-
brane transitions from the tether and reattaches to the cell’s
cytoskeleton; note that the tether �TeR�, transition �TrR�, and
cytoskeleton attachment �CAR� regions are labeled in the
figures. For resolution purposes, Fig. 6�c� focuses on the
membrane’s shape within the attachment zone of each cell.
Here, we use the continuous case assumption for the HEK
cell.

Next, we focus on the behavior of the membrane within
the cytoskeleton attachment region. In this zone, two charac-
teristic length scales are the maximum normal deflection of

the membrane, wmax, and the detachment radius, Rd. Note
that in all cases studied, it was observed that the �Rd, wmax�
coordinate corresponds to the location of the detachment-
attachment zone interface. Figures 7�a� and 7�b� illustrates
the effects of the equilibrium holding force on wmax and Rd.
As discussed further in the Discussion section, the oscilla-
tions in wmax for the OHC arise due the breaking of the
discrete membrane-cytoskeleton bonds.

C. Effect of the Bending Modulus

In this section, we investigate the sensitivity of the pre-
dicted shape profiles on the magnitude of membrane bending
modulus. Here, the tether holding force is 60 pN, the initial
detachment radius is 250 nm, and the cytoskeletal bonding is
assumed to be a continuous distribution with a critical de-
flection of 4 nm. Figure 8 shows the shape profiles for bend-
ing moduli of 30, 55, and 80kBT.

There are two primary modes of membrane free energy
storage within the attachment region: the bending energy, EB,
and the membrane-cytoskeleton adhesion energy, EA. The
free energies within the attachment region are computed ac-
cording to

EB = 0.5B� ��m + ���2dA , �10�

EA = 0.5k� w2dA , �11�

where the integrals are calculated over the entire surface
area of the attachment region. The energies EB and EA are

TABLE II. Parameters used in the CHO cell analysis.

Ft

8
pNa

Rd 180 nmb

Bond Distribution Continuous

Rt 72 nma

B 56kBT c

k 3.2105 pN �m−3

aReference �39�.
bEstimated using Fig. 2�b� of Reference �39�.
cB is computed using B=RtFt /2�.

(b)(a)

FIG. 5. Panel �a�, SEM image of magnetic tweezers tether pull-
ing experiment, where the superimposed white dotted line is our
model’s prediction for the shape of a tether pulled from a CHO cell.
The SEM image and model parameters are based on CHO cell
tether experiments by Hosu et al. Panel �b�, standing wave fluores-
cence microscopy �SWFM� image of HEK tethers, where the white
dotted line is our model’s prediction of this tether’s shape. The
SWFM image is based on experiments by Gliko et al. Panel �a�
source: B. G. Hosu, M. Sun, F. Marga, M. Grandbois, and G. For-
gacs, “Eukaryotic membrane tethers revisited using magnetic twee-
zers,” Phys. Biol. 4, 67 �2007�. Panel �b� source: O. Gliko, G. D.
Reddy, B. Anvari, W. E. Brownell, and P. Saggau, “Standing wave
total internal reflection fluorescence microscopy to measure the size
of nanostructures in living cells,” J. Biomed. Opt. 11, 064013
�2006�.

COMPUTATIONAL ANALYSIS OF THE TETHER-PULLING… PHYSICAL REVIEW E 80, 041905 �2009�

041905-7



computed over a range of equilibrium tether holding forces
for the HEK and cases, and the results are illustrated in Fig.
9. Notice the difference in scales of the vertical axis in Pan-
els �a� and �b�.

D. Effect of the Critical Membrane Deflection

Here, we investigate the effect of another model param-
eter, the critical membrane deflection, which in our model
influences the adhesion modulus. We assume that the tether
force, initial detachment radius, and bond distribution are the
same as discussed in the previous section. The bending
modulus is chosen to be 55kBT and the range of critical
membrane deflections is 3, 4, and 5 nm. These membrane
deflections correspond to adhesion moduli of
�4.24,3.18, and 2.55�105 pN �m−3, respectively. Figure
10 shows the shape profiles and Fig. 11 shows the energy
modes over a range of forces.

E. Effect of the HEK cell’s bond geometry

The effects of HEK cell’s bond diameter and bond spac-
ing are examined next. First, the effect of bond spacing on
the shape profiles is illustrated in Fig. 12, where the geomet-
ric parameters include a constant bond diameter of 5 nm and
bond spacings of 5, 7, and 9.5 nm. In Fig. 13, we plot the
shape profile effects when bond spacing is set constant at 9.5
nm but variable bond widths of 5 and 10 nm are used. Figure
14 shows shape profiles when the bonds are modeled as be-
ing continuously distributed, where the two lines represent

(b)

(a)

(c)

FIG. 6. The 60 pN holding force membrane shape profiles for
the OHC and HEK cell. Panel �a� shows the OHC shape profile
over the attachment and detachment zones; Panel �b� shows the
HEK shape profile over the attachment and detachment zones;
Panel �c� focuses on the attachment zone and includes the shape
profile for both cells. The light-gray regions of the profile represent
the spatial areas where the membrane is unattached to the cytosk-
eleton, and the emboldened regions of the profile represent the
plasma membrane-cytoskeleton interaction sites.

(b)

(a)

FIG. 7. Panel �a�: This figure shows how the maximum deflec-
tion, within the attachment region of the cell, varies over a wide
range of equilibrium tether holding forces. Panel �b�: This figure
shows how the detachment radius varies over a wide range of equi-
librium tether holding forces.
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the results obtained from using different estimated values of
the adhesion modulus, as described below. For each of these
cases, the shape profiles are sensitive to the chosen values of
these geometric parameters. Note that the adhesion modulus
and surface area void fraction are estimated as described in
the model section. In each case the initial detachment radius
starts at 250 nm, but is usually peeled back further. We note
that the continuous case seems to be a good model of the
other situations with variable bond spacings and bond
widths. In the cases studied, we found that the bending and
adhesion energy stored within the attachment region do not
significantly vary with bond width and/or bond spacing.

IV. DISCUSSION

An important consideration in membrane biophysics is
the interaction of the plasma membrane with the underlying
cytoskeleton. For example, if these interactions are too weak
a membrane detachment may occur resulting in the forma-
tion of blebs �56�, and these interactions may also be respon-
sible for determining specific membrane domains �57�. The
tether pulling experiment has been an effective tool to study
cellular membrane properties. However, the membrane de-
formation in the attachment area is on a nanoscale and is

difficult to characterize experimentally. In previous
thermodynamic-based modeling efforts, the membrane-
cytoskeleton interaction was characterized by a single pa-
rameter, adhesion energy, with no explicit consideration of
local geometry and density. The interpretation of the tether
pulling experiment proposed in �40� and extended here in-
cludes an analysis of a geometrically detailed and place-
dependent membrane-cytoskeleton interaction. We apply our
interpretation of this experiment to three cells with relatively
strong interaction between the membrane and cytoskeleton:
the outer hair cell, the human embryonic kidney cell, and the
Chinese hamster ovary cell. The first of them has a special
bond topology with the membrane connected to the cytosk-
eleton via a system of radial pillars. The other two cells have
their bond topology common to many other cells, such as
fibroblasts or endothelial cells. The HEK and CHO cells are
typically used in mutation/transfection studies. Simulations
of the detailed shapes of membrane tethers pulled from the
cochlear outer hair cell were presented in an earlier paper
�40�. The membrane-cytoskeleton interaction in HEK and
CHO cells probably involves bonds that connect to actin
fibers. Thus, in the present study, we extend our previous
model to include a more common bond topology, involving
these bonds. Although these bonds are weaker than an OHC
pillar, they exist in a much greater density. For example, the
number of PIP2 bonds per square micron in typical cells is

(b)

(a)

FIG. 8. Effects of varying the bending modulus on the mem-
brane shape profile.: �a� general view and �b� attachment region.
The maximum membrane deflection in the attachment region is set
at 4 nm, corresponding to an adhesion modulus of 3.18
105 pN �m−3. The bending moduli are: 30, 55, and 80kBT.

(b)

(a)

FIG. 9. This is the free energy stored within the attachment
region over a range of forces. Each line is for a different bending
modulus: 30, 55, and 80kBT.
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about 10 000 �12� vs. fewer than 1000 for the similar pillar
density in OHCs. We develop a discrete analysis of randomly
distributed bonds to study the effects of bond spacing and
bond widths, and this is applied to the interpretation of the
tether experiment in HEK cells. Because the density of
bonds may be great enough to treat them as continuously
distributed, we examine the simpler continuous case using an
effective adhesion modulus.

It should be noted that our model of the bond breakage in
terms of the local critical membrane displacement is based
on an average relative position of the membrane and the
bond, while at the molecular level, the membrane and the
bond statistically switch between the attachment and detach-
ment states. We also assume that the cell cytoskeleton is
much stiffer than the membrane and the bond and do not
explicitly take into account the passive and active deforma-
tions of the cytoskeleton. Such cytoskeletal deformations can
be implicitly taken into account via the effective density and
strength of the bonds. The bond density, including that of
PIP2 lipids, is important for membrane-cytoskeleton adhe-
sion in cells. Adhesion contributes to the tether force in the
membrane tether pulling experiment. Thus, the bond effect
can be tested by using mutations or chemicals to reduce or

increase the corresponding membrane components and by
measuring changes in the tether force caused by changes in
the membrane-cytoskeleton adhesion.

For equal holding forces, the predicted behavior of the
HEK, CHO, and OHC tethers are different �this is illustrated
in Fig. 6 for the OHC and HEK at Ft=60 pN�. The differ-
ence in the response to force is due to the different bond
distributions and material parameters of these cells �Table
II�. The HEK cell’s membrane is more compliant than the
OHC, due to the weaker bonds. Furthermore, there is a
greater “peel off” effect �increase of the detachment zone� in
the HEK cell �Fig. 6�, as a result of the weaker but more
numerous bonds compared to the stronger pillar bonds of the
OHC.

The simulated response of each cell is studied over a
range of equilibrium tether force magnitudes. The predic-
tions show that each cell exhibits two separate types of be-
havior depending on the magnitude of the equilibrium tether
holding force. The first occurs at lower holding forces and is
characterized by a constant detachment radius and maximum
deflections in the attachment region that are smaller than a
critical value, 4 nm. The second takes place at larger holding
forces and is characterized by an expanding detachment ra-
dius, due to the “peel off” of membrane from the cytoskel-
eton, and maximum deflections that are at, or near, the criti-
cal value. Based on Fig. 7, the different cells behave

(b)

(a)

FIG. 10. Effects of varying the maximum membrane deflection
in the attachment region on the membrane shape profile. The bend-
ing modulus remains constant at 55kBT. The values of maximum
deflection in the attachment region are chosen to be 3, 4, and 5 nm,
which correspond to adhesion moduli of 4.24105, 3.18105, and
2.55105 pN �m−3, respectively.

(b)

(a)

FIG. 11. Modes of free energy stored within the attachment
region over a range of forces. Each line is for a different adhesion
modulus: 4.24105, 3.18105, and 2.55105 pN �m−3.
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qualitatively similar with an approximately linear increase in
maximum deflections with holding force in the lower range
of holding forces. The slopes of the maximum deflection vs.
force lines in this region are 0.094 and 0.067, for the HEK
and OHC, respectively, and the detachment radius remains
constant. In the second region of larger forces, the HEK and
CHO cells respond in a qualitatively similar way, but the
OHC response is different from the other two �Fig. 7�. For
the HEK and CHO in this range, the maximum deflection
remains constant with holding force, but the detachment ra-
dius exhibits a constant, linear, “peel off” with tether holding
force. For this range, the slope of the detachment radius vs.
force line is 6.150 for the HEK. Due to the discrete nature of
the OHC pillar bonds, the larger tether forces can cause the
innermost individual pillar bonds, where the stresses are
highest, to break. The model predicts that when a critical
magnitude of stress is attained, the membrane can separate
from the bonds closest to the tether. Further increases of the
tether force leads to further membrane-bond separation. The
result of breaking these discrete pillar bonds leads to the
saw-tooth behavior of deflection �see Fig. 7�a�� and causes
the detachment radius to increase in increments of �40 nm
�see Fig. 7�b�� rather than smoothly as in the HEK and CHO
cells. This phenomenon was discussed in detail previously
�40�. The effect was not captured in the light microscopy

OHC experiments ��12�� so far because it was associated
with a nanometer level changes in the membrane profile. We
attribute this difference between the simulated behavior of
the HEK and CHO cells and the OHCs to the different types
of membrane-cytoskeleton bonds present in these cells.

The membrane shape profiles �Fig. 8� are sensitive to the
membrane bending modulus. In the detachment region, the
shape profiles get broader as the bending modulus is in-
creased. However, in the attachment zone, the higher bend-
ing modulus leads to a reduction in the peel off effect. In the
energy analysis figure �Fig. 9�, the energy in the attachment
region decreases with an increase in the bending modulus. At
the point of peel off, the curves converge and become linear.

According to our simulations, it may be difficult to distin-
guish the effects of the adhesion modulus unless the attach-
ment region can be reasonably resolved �Fig. 10�. Adjusting
the maximum allowed deflection in our model, a value that
affects attachment region properties, does not lead to a sig-
nificant variation in the observed shape profiles. However, as
shown in Fig. 11, there is a distinguishable difference in the
energy modes.

Furthermore, changes in equilibrium tether force result in
modulation of the free energy stored within the different re-
gions of the system. For example, in Figs. 9 and 11, the force
dependence of the bending and adhesion modes of free en-

(b)

(a)

FIG. 12. Membrane shape profiles for various bond spacing in
the attachment region. Bond width is constant at 5 nm. Bond spac-
ing is 5, 7, and 9.5 nm, giving adhesion moduli of 2.2106, 3.11
106, and 4.54106 pN �m−3, respectively. As bond spacing gets
larger, the detachment radius gets smaller.

(b)

(a)

FIG. 13. Membrane shape profiles for various bond widths in
the attachment region. Bond spacing is constant at 9.5 nm. Bond
width is 5 and 10 nm, giving adhesion moduli of 4.54106 and
2.05106 pN �m−3, respectively. As bond width gets wider, the
detachment radius gets larger.
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ergy is examined for the HEK cells. From these figures, our
simulations predict that, in the low-force region before de-
tachment radius expansion, the free-energy depends qua-
dratically on the applied tether force. However, the behavior
is linear for forces beyond the critical force. Note that the
first derivatives of the energy functions provide information
that can be used in previously developed thermodynamic in-
cremental analyses �e.g., �2,13,55��.

For the case of the HEK cell, the model is also used to
explicitly study the effects of random distributions of dis-
crete bonds, where bond spacing and bond width were varied
�Figs. 12–14�. For the cases considered here, the model is
constrained to ensure that the average surface density of the
bonds remains spatially constant �details in Appendix�. This
aspect of the study is designed to mimic the effects of ran-
domly distributed discrete bonds that have dense surface
densities, particularly when compared with OHC pillar den-
sity. For the range of parameters studied, we found that as
the bond spacing gets smaller �Fig. 12� or as bond width gets
wider �Fig. 13� the detachment radius expands and adjusts to
a larger value. The continuous-bond profiles in Fig. 14 com-
pare the results of two different adhesion modulus estimates.
Note that the continuous-bond profile �Fig. 14� based on
HEK tether formation force data is a reasonable approxima-
tion to the more detailed discrete analysis. Note that the tran-

sition region’s profile depends to some degree on the various
bond geometries; therefore, it may be possible to determine
information on these parameters by experimentally measur-
ing the subtle changes in the detachment region’s shape pro-
file.

For the case of CHO and HEK cells, our model predicts a
shape profile that is consistent with experimental SEM and
standing wave fluorescence microscopy �SWFM� results for
the tether, transition, and attachment regions �for the CHO�,
as shown in Fig. 5. Note that while the shape profile in the
tether and transition regions match up well visually, the
nanoscale details of the attachment region are still under-
resolved such that a detailed comparison in this region is not
currently possible. Nevertheless, the quality of the match be-
tween our model and Hosu et al.’s �39� and Gliko et al.’s
�38� experiments is encouraging, and is interpreted as an
important validation step for the developed model.

In our model, we neglect the direct effects of thermal
fluctuations and only consider the mean values of the vari-
ables. The attachment zone is treated as a thin annular plate
with spring attachments for bonds, and the shape of this re-
gion is determined by the forces exerted on it from the tether.
In the cytoskeleton region of our system, the membrane fluc-
tuation amplitudes are expected to vary depending on the
geometric bond distribution. As the bond density increases,
the undulations decrease. However, directly including the ef-
fects of thermal fluctuations by including a stochastic term in
the equations is beyond the scope of our current model. The
effects of Brownian motion on bilayers has been investigated
previously for simpler systems. For example, Brownian dy-
namics simulations of a mesoscopic element of an attached
bilayer were performed by �58�, and these simulations
showed that the presence of the membrane-cytoskeleton
bonds reduces the membranes thermal fluctuations relative to
the pure bilayer case. Furthermore, Gov �59� theoretically
predicts that the undulations also decrease with the mem-
brane’s proximity to the cytoskeleton. The effects of thermal
undulations were included in a theoretical tether analyses by
Glassinger and Raphael �51�, who used a variational ap-
proach to show that the effective tension in a vesicle in-
creases with tether length due to the smoothing out of mem-
brane fluctuations. In our analysis, the tether force is
balanced by the bonds as well as the effective tension in the
membrane. Thus, although the undulations are not accounted
for directly, the effective tension includes the effects of en-
tropic stresses due to thermal undulations. In our model, an
inclusion of thermal effects may help determine the relative
contributions to the effective surface tension.

Our model predicts the membrane deflection and bending
at the attachment, transition, and tether regions if the me-
chanical and structural parameters of the system �bending
and adhesion moduli, bond width and spacing, etc.� are
known. However, our approach can be used to solve inverse
problems, i.e., estimation of the systems parameters if the
membrane deformation can be measured. It is especially im-
portant to estimate the properties of the plasma membrane in
cells with strong membrane-cytoskeleton interactions. In
probing such cells’ mechanical properties �e.g., with AFM or
micropipette aspiration�, it is often difficult to separate the
membrane deformation from that of the whole cell. For ex-

(b)

(a)

FIG. 14. Membrane shape profiles for the continuous distribu-
tion with various adhesion moduli. One case uses an adhesion
modulus estimate based on HEK tether formation force �1.25
106 pN �m−3�. The other uses an adhesion modulus based on the
adhesion energy value of 3.2105 pN �m−3 from �12�.
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ample, in our analysis of CHO cells we were able to estimate
and use the bending modulus on the basis of experimentally
measured tether radius and transition region. In addition to
this, measurements of membrane deformation �profile� in the
transition region can be used to estimate parameters of bonds
connecting the membrane and the cytoskeleton. As an ex-
ample, we can consider points on different curves in Figs.
12�a� and 13�a� corresponding to the same vertical displace-
ment, w. The horizontal �r� coordinates of these points de-
termined by bond spacing and width differ by tens of nanom-
eters. Thus, accurate measurements �38,39� of cell’s
membrane profile can be used to predict the bond topology.

In the present paper, we propose a computational method
to analyze, interpret, and design the tether pulling experi-
ment in cells with a strong membrane-cytoskeleton interac-
tion. We take into account the mechanical properties of the
membrane along with the topology of the bonds connecting
the membrane and the cytoskeleton. As a result, we compute
the force-dependent transition and attachment zones as well
as piecewise deflection, bending, and modes of stored energy
in these areas. We illustrate our method by applying it to
three cells: OHCs, HEKs, and CHOs, where the first of these
has a special system of pillars connecting the membrane and
cytoskeleton, and the other two cells have a more common
arrangement via PIP2 and other bonds interacting with actin
fibers. We use experimental data on tether pulling experi-
ments in CHO cells to validate our model. The developed
model can be effectively used in the analysis and interpreta-
tion of experiments aimed at probing the membrane proper-
ties in cells.
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APPENDIX A: RANDOM BOND DISTRIBUTION

The probability distribution function �PDF� of the Gauss-
ian distribution is given by

PDF�x� =
1

��2�
exp	−

�x − ��2

2�2 
 , �A1�

and its corresponding cumulative distribution function
�CDF� is

CDF�x� =
1

2	1 + erf� x − �

��2
�
 , �A2�

where � is the mean spacing, � is the standard deviation, and
x represents the spacing. Sample illustration of the PDF and
CDF functions with �=5–12 nm and �=2 nm are given in
Fig. 15.

The first step in the numerical generation of the randomly
distributed bonds is to use a random number generator to
produce a random value between 0 and 1. This value is taken
to correspond to a point on the cumulative distribution func-

tion, which also ranges from 0 to 1. This random value cor-
responds to a specific value of the attachment spacing, x. An
iterative procedure is performed to determine x such that:

CDF�x� − random number = 0.

This spacing x represents the edge-to-edge spacing between
bond No. 1 and bond No. 2. Thus, the above steps are re-
peated until the spacing between every bond in the system is
estimated.

As an example, say we want to generate the estimated
center-to-center spacing between 21 different bonds. In this
case, we take the mean spacing to be 9.5 nm and the standard
deviation to be 2 nm. The results are plotted as data points
Fig. 16, where the lines represent the continuous CDF and
PDF functions. Notice that the majority of the attachment
spacing values are between 7 and 12 nm.

APPENDIX B: EFFECTIVE BOND WIDTH

Consider an annular region of the attachment zone as de-
picted in Fig. 17. The gray-filled annulus represents a bond
attachment site. The regions to either side of the bond attach-
ment site represent the spaces between adjacent bonds. For
example, Ri and Ro are located at the centers of interstitial
spaces between bonds, and Rb,i and Rb,o are the inner and
outer radii of the bond attachment site, respectively.

Our analysis will focus on the annular region located be-
tween the dashed lines. The total area of this annulus is

(b)

(a)

FIG. 15. An illustration of the Gaussian PDF and CDFs based
on mean spacing of 5, 7, 9.5, and 12 nm and a standard deviation of
2 nm.
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Aannulus = ��Ro
2 − Ri

2� , �B1�

and the area of the bond region located within this particular
annulus is

Abond region = ��Rb,o
2 − Rb,i

2 � . �B2�

Within this annular region, the surface area void fraction is
interpreted to be equal to

� =
Aannulus − Abond region

Aannulus
. �B3�

The goal is to find the width of the bond region, �b=Rb,o
−Rb,i, that corresponds to the specified value of �. The

widths due to the bond spacing are assumed known, i.e., �i
=2�Rb,i−Ri� and �o=2�Ro−Rb,o�. To find the bond width, the
following quadratic equation must be solved for �b:

A�b
2 + B�b + C = 0, �B4�

where

A = �, B = 2Ri� + �o� − �o, C = �� − 1� · ��iRi + �oRi

+ 0.5�i�o + �0.5�i�2 + �0.5�o�2� �B5�

As an example, consider the OHC case, which has an
estimated bond density of 1100 bonds per square micron and
has an estimated single bond area of �2.510−5 square mi-
crons. The average edge-to-edge bond spacing is assumed to
be 30 nm. If we take Ri=250 nm, we obtain A=0.9136, B
=454.2, and C=−1373.8, which gives �b=2.5 nm. Note that
this corrected bond diameter is approximately four times less
than the actual bond diameter.
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FIG. 16. The randomly generated center-to-center spacing be-
tween 21 different bonds. We take the mean spacing to be 9.5 nm
and the standard deviation to be 2 nm. Data points are the edge-to-
edge bond spacing value; solid line is the PDF and CDF functions.
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